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Gaussian Elimination

e Use Gaussian Elimination to Solve the system of linear equation?
x1 + 5X2 = 7

_ZX1 - 7x2 = _5

3 s o Adadl) Ailedll g S Caall ddpai g 2 Can ga o J Y1 Caall (gl
Augmented R, + 2R, ann L .
B ghnn IS5 o in 2 +2(1)=0 G aal 3 Ry
; -7 +2(5)=3 I el 5 1y
v -5 +2(7)=9
5

JsY) Cauall adumi g -5 Gl oy S Cauall G juiad
R, — SR,

1-5%x(0)=1

5—-5x%x(1)=0

7-5x(3)=-8

) gl




Use Gaussian Elimination to Solve the system of linear equation?
x—3y+z=4
2x—8y+8z=-2

—6x—3y—15z2=9

([ ) Gl disity -2 s J ) o) oy |
IR, > R, — 2R,
"

w

Gl Coall ddpai g +6 wasa o JgY) Caall G
R; - R; + 6R;

[ 2 e ) e s

R
-__R2_>_2

=7
.

1 -3 5

15 _o zab—{Ra > Rat15R,

-3 1 41 l SE Caall 4quniy +15 g._l.;}«_g‘f'm\u.\al' \s_u.\a.\]

— 54 o ) Caall o

x—3y+z=4
x=3(-D+(-2)=4
x+3-2=4
x+1=4

x=4-1

x =3




Matrix properties <& siadl) paiuad -
1. A+B=B+A
2. A+ (B+C)=(B+A)+C
3. A(BC) = (AB)C

Note: In Matrix AB # BA

Zero Matrix : 4 siuall 4 giuaall
[0 0
0 O
Identity Matrix 53l 43 siaa [h\, o g -‘Jﬂ
0 O
12 = M 13 =10 0
0 0

Inverse of a Matrix 48 siuaall oyl pudall) f 48 ghuaal) o glia
( : Bgctm

|

_[@L&J s ¢ Gl il (5 jaic b ge s LY ]
d

A7l Claa die AY) kil (g paic

L AT =—— det(A)= ad — hc

AA?' =Tand A*'A =1 __JOR Led Jans aanall A sy

\

a

Lisdany 48 ghiaall o glia 8 48 ghiaall Uy jua 13 - — ~
[ 3aa gll A3 huadll i ek Ad ghiadl Guld 0 = saaaal) dad culS 1Y)

Al =0

e Calculating the Inverse of a 2 x 2 Matrix

=g,

Solution:  :Jall

1. det(4) = (6)(2) = (1)(5) sasaal) dad dlag): V)

=12-5=6 O s o slial) alay) s TLals

r 1
2. A_1=§[—25 _61]= s 16
6




Using the Row operation — find inverse (New method) 44 siaclf i glial) sy Y 3/ 44540 -

e Findtheinverseof A = [_12 _37]

Solution Jall

BJ;)S\ZA}MA\@I«AM\ L2 pa

-4 Ry +2R
MR, > Ry +2R, | 2 +2(1)0
1 7 +2(3)=-1
0 +2(1)=2
1 +2(0)=1

1@@4@&\@4&\&4}4

JsY) Call ddumi s -3 Gl o S Cauall G juia
R, — 3R,

1-3%x(0)=1

3-3x(1)=0

1-3x =—7




Solution of a Linear System by Matrix Inversion: 44 sicael/ < slic 4hw/ g 4ol Lhleal o

+ saclal)

e Find the Solution of system of linear equation Using A~ ?
x+3y=1

2x+5y =3

. JEN e bl Aabeal) 440K SliCay

Solution : Jadl

l,-A X
/ ya
' v
Coefficient Variable Constant

~

s

’

ol | 5]

Sl Cacall ddizi s 2 il o J Y Caall o juia
R, — 2R,

2 -2(1)=0

5-2(3)=-1

0 -2(1)=-2

1 -2(0)=1

1 Qb S Caall @ pa

JsY) Cavall ddpmi s -3 call o B Cacall (o s
R, — 3R,

1-3%x(0)=1

3-3x(1)=0

1-3xX = -5

0—-3x =3




_ '(—5)(1)+(3)(3)]
(D@ +(DB)

[—5+9
L 2-3

]

: @L@_\S\ Gj\_'d\

Properties of the Transpose _x s yaibiad

@ (AT)T:A coSa) o asee I cacall Jisat i
®) (A+B)T=A" 4+ BT
© (A=-B)T=AT-3T
d) ()T =ikaT

(e) (4B)T =BTAT

a b
c d

AT =[;

|

Triangular Matrices  JS4J) 4uilic culd gdnsal/

Upper and Lower Triangular Matrices -

gy ay2 a3 g iy O
O az> an3 a4 a2
[8) O a3z a3z a3
O O O a4 a1

6 The transpose of a lower triangular matrix is upper triangular. and the transpose of an upper triangular matrix 1s\
lower triangular.

(b) The product of lower triangular matrices is lower triangular. and the product of upper triangular matrices is upper
triangular.

(c) A triangular matrix is invertible if and only if its diagonal entries are all nonzero.

(d) The inverse of an invertible lower triangular matrix is lower triangular. and the inverse of an invertible upper
k triangular matrix is upper triangular.

J




Chapter 2

Determinants <lasaal)

/ a b|. [a b] :Bm&m
L J 3adaal

|C d )‘)j c d ﬁ}w 32, Yo"

u)m&ahmbj)k‘wy)l\)‘kd\éwuﬁ@é\égjuw)

a. b|

«“ | =ad—cbh
c d
cui )l ladl)

\ |—43 2| =(#)(6)—(-3)(5) =39

Minors and Cofactors

I CROA EN I
rI\/Iinors Aany )

-+
aall s
aij or Mij ‘5”':l + —
\_ J

) —
Cofactors Ay p _[ dsall s il e Jx ]
A\

al-j or CU = ('—1)l+] X Ml]
\ J

e  Find the Minors and cofactors 4 =

Jg¥) 2 genll Cadny
Mo =2 o =®®-@®©) =16

The cofactors of a; 4:
Cij = (=D x My
Ci1= (D" x My,

Ci1=(-1)? x 16 =16




The minors a,

ol ity ]
Js¥

1
Sal

Mo =[] g = @@ - 1©) =10
The cofactors of a; 5 :

Cij= (=D x My

Cip=(=D"™* x My,

Cio=(-1)3 x 10=-10

The minorsas, °?

M=, o= 3O - @4 =26

The cofactors of as
Cij= (D" x M;
C32=(—1)°*? X M3,

Cs,=(—1)5 x 26=-26




Cofactor expansion Along Row or Column

e Find the determined by Cofactor expansion Along first Row then first Column

A=|-2 -4 3
5 4 2

3 1 0 ]
Solution : Jall
1. First Row

A=|-2 -4 3

3 1 0]
5 4 =2

det(‘4)=3’|_44 —32|_(1)|_52 —32|+(0)|_52 _44|

JsY) 3 ganll s J ¥ Cacall Cava Julall Ao 3 323aal) aa

=3((-9(=2) - DB3)) - ((-2)(-2) = (5)(3)) + 0

=3(8—12)—-(4-15+0
=3(-4) - (-11)
=-12+11
=-1
2. First Column
1 0
-4 3

4 =2

det(A)=3|_44 _32|—(—2)}r _02|+5|_14 (3)
|

\

\

~
~
~

TTTTY

14

|
=3((-9(-2) = @A) = =2((W(=2) = M(®) +5((D(B) = (=H(0)

=3(8—12) — (-2)(=2) + 5(3)
=3(-4)—4+15
=-12+11

=—1




A Useful Technigue for Evaluating 2 x 2 and 3 x 3 Determinants

“H (f]) U]} ll]| (l|)
an Gas a3y Ga an»

[LES dzy  dag €3 a3

- . -

CalculateA=1]1 0 2

1 5 =3
b
3 -1 2

Solution Jall

4 N

det(4) = (1)(0)(2) + (G)(2)G) + (=3)(MD1) = 3)O)B) — (D@1 — (G)(()

det(A)=0+30+3—0+2—10

\ det(A) = 33 —8=41 /




Cramer’s Rule : ) S3acld

f - ol pilladl e el S 5ac
ax +by=m

fx+gy=n
: 48 aaall O lalaa

K y
A . )

and X = T‘|A|g|}z Uaill 1 Ja

Al =ag—fb s saaall alayy

\ _J

e Using Cramer’s Rule to solve ?
5x —6y =15

3x + 4y = —29

Solution dﬂ‘ T Ollaall 48 shiae a3aa Glua

—6
L= ®@w-6)-6

% -

»
=20+18 =38

15 —6|
—1=29 41
T 38

X

_ 15(8)=(=29)(=6) Eaanall sy _ 5(=29)-()(15)
38 38
_ 60-174 _ —145-45

31814-
= ——= —3
38




Chapter 3
Vectors <lgaliall

Ifv=(1,-32) and w=(421),findv+wandv—w?
Solution_Jall
v+w=(1+4 , -3+2, 2+1)

= (5,—-1,3)

v—w=(1-4 , -3-2, 2-1)
=(-3,-5, 1)

Norm of a vector:

The Norm or The length of a vector 4xiall Jsh qilua (53l o

[nvn - Jvf + v +v§}

Find Norm or the length of vector v=(-1,3) ?

Ans:

vl = /(-2 + (3)2 = vI+9 =10

Distance between two vectors  (pgaia G 4akiall dlua Gl (6i8 o

The distance between two vectors u and vin R" is

d(w,v) = |lu—v|

Find the distance between u=(0,2) and v=(2,0) ?

Ans:

dw,v) = llu=v|l = I(0-2),2 -0 = [|-2.2]
=/(-2)2+2% =V4+4 =8




Unit vectors  <lgadall Baag 058

r FREERE

=V
vl

Stander unit vectors in R? or R3

In R? i=(1,0) and j=1(00,1)

In R®  i=(100) , j=(0,10) and k= (0,01)

Dot product of vectors <ilgaiall bl il oy oil8

The dot product :

U'v=1uv +u,v,

Find the dot product of u=(1,2) and v=(0,3) ?
Ans:
u-v=>01Ax0)+2x3)

=0+6=6

The angle between two vectors  (sgaie O da gl H) Gluwa o g3l8

uv
[COS 0 = J

Find the angle between two vectors u=(2,1,0) and v=(0,3,4)?

uv

cos 0 =
llull-llvl

uv=2x0)+(1x3)+(0x4)
=0+3+0=3

lull =v22+124+02=vV4+1+0=+5

vl =02 +32+42=v/0+9+16=+25=5

3
cosf = —
0s 5V5




Orthogonality aladl)

~

Two vectors are orthogonal if L - v = 0

a5 g Ladie Glaalaie (leaiall
\_ J

Show the u=(-2,3,1,4) and v=(1,2,0,-1) ?
Ans:

u-v=_(-2)+GB)2)+MO)+ (1D
=—24+6-4=0

.. Vectors are orthogonal

Calculate u - (v x w) whereu = (1,-3,4) andv = 2i — 3j + k
R AT Bt B R P Koy
((=3)(=3) — (1) (1)) —j((2)(-3) = W)+ k(2@ - (=3)
+ 5/ + 5k
vxw=(55,5)
u-(vxw) =(1,-34)-(,55)
= (D5 +(=3)E)+ @)(5)
=5—-15+20

=10




Linear combination :

Find a linear combination letu = (1,2,—1) and v = (6,4,2) € R, show that

w =(9,2,7) islinear combination of u & v.

Solution  Jall B . Jlgud) A Sldasdll

P

v =(642)

= (a,2a,—a) + (6b,4b,2b)

= (a+6b, 20+ 4b , —a + 2b)
V\ * /4

AN 1 L

Y slaa I paliall Jsa

Q) Wi i sl

+6(2)=9
+12=9

=9-12

(D) Wb i sl

el g




Linear Independence and Dependence:

= {V1, V3, V3, v e, Uy} el (e e sana Liie S 1)

C1171 + szz + C3173 + -+ CTVT =0

Al (M Ll a0 80

iscall L .1 ¢ ja gslui milill) cils )

iscallL.D (¢ sa (golui ¥ giliil) cils )3)

e The standard unit vector S in R3 in L.I

Solution Jal!

In R® i=(1,00) /= k = (0,0,1)

Cii+Cpf +C3ke=0 """ | el i oy guilly

,(1,0,0) + C, +C5(0,0,1) = (0,0,0) <~

(€, 0,0) + +(0,0,C5) = (0,0,0)<-~~

Cl C3 = (0,0,0)

Cl=0 ) =0, C3=0

= {i,j,k} is L.1

-




® Determine whether the vectors the set (1, —2,3) , ,(3,2,1)fisLlorLD?

Solution JaJ!

In R i=(1,-23) /= k=(321)

-

C1i+C2 +C3k:0<-‘ :‘Jdbud\@uag):uj\_\

C,(1,-2,3) +C, +C3(32,1)=(0,00)*""" | L=

(Cy,—2C4,3Cy) + (5C,, 6Cy, —1Cy) + (3C3,2C5,C3) = (0,0,0) <~

(Cl + C2+363 ) _2C1+ Cz+2C3 , 361 CZ + C3) = (0,0,0)

C1+ C2+3C3:0 "‘-—\‘
Tees osS Al gé el day L

—2C1+6C+2C3 =0 ==~ __ -] sl areal jia

p——

”’
-

3C; 1€, +C3=0=-""

Cl = Cz = C3 = 0 then L.l




Chapter 5
Jilauall Ja B dagall ¢yl i)

The length of a vector 4aia) Jsh lua 0153 o

lv]| = \/vlz + v3 + v2

Find the length of v=(-1,3) in ?

Ans:

vl = /(=D +(3)? = VI+9 =10

Distance between two vectors  (mgaia (i 4aial) ddlue Gluwa o 5ild o

The distance between two vectors uand vin R™ is

d(w,v) = llu—vl|

Find the distance between u=(0,2) and v=(2,0) ?

Ans:

dw,v) = llu=v|l =1(0-2),2Z -0 = lI-2.2]

=/(-2)2+2%2 =/4+4 =8

Dot product of vectors <ilgaiall bl o pa ¢y 5il8

The dot product :

u-v= u1171 +u2v2

Find the dot product of u=(1,2) and v=(0,3) ?
Ans:

u-v=>1x0)+(2x3)

=0+6=6




The angle between two vectors Crgaia O A g 3 s oy gild

u-v

cosf =—
[l - vl

Find the angle between two vectors u=(2,1,0) and v=(0,3,4)?

uv
cos 0 =
llull-|lv]l

u'v=02x0+Ax3)+(0x4)

=0+3+0=3

lull =v22+12+02=v4+1+0=+5

vl =02+32+42=vV0+9 +16=v25=5

3
cos0 = —
5v5




Chapter 6

Inner product space

o dall 8 Leinda g Jilall Ja e aeld AV 1 8 Inner product space u=ibas e
<u,v>=<vu>
<u,v+w>=<u,v>+<uw?>
c<uyv>=<cuv>
<v,v> 20 and <v,v>=0ifandonlyifv=20

Show that the function defines an inner product on R?, where
u=(uy,uy) , v=(v1,0;) <u,v>=uv; +2u,v, satisfy the four inner products
Axioms.

1. Axiom<u,v>=<vu>

oSl 5 v Sy g i) iy 4l Al

<U,v>=u v + 2U,0,

= vUq + 2vu, =< v, U >

2. AXiom<u,v+w>=<u,v>+<uw> wellSy e g sEy

Letw = (wy, wy)

< u,v +w >= ul(vl + W1) + zuz(vz + Wz)

= wu (v + wy) + 2uy (v, + wy) o AY) i

= U + Uuwq + 2u2U2 + 2u2W2

Sl Aol Croan ALl 3 g3l pans

= (u vy + 2uyvy) + (uywy + 2u,wsy)
=<u,v>+<uw>
3. Axiomc <u,v>= <cu,v>
c<u,v>=cluv, +2u,v,)
= (cu)vy + 2(cuz)v;
=< cu,v >
4 Axiom <v,v=>0
(v Xv)+ 2w, xvy) =0

2 +2v,2>0




<1J,17>=0 = 1712+21722=0 :U]_:UZ:O

Calculating the inner products < u — 2v,3u + 4v > ?
Ans :
<u—-2v,3utdv>=<u,3u+t+4v > —-<2v,3u+4v >
=<u,3u>+<u,4v > —<2v,3u—2v,4v >
3<uy,u>H4<uv>-6<v,u>-8<vv>

3lull* =2 <wv>-8|v|?




Eigenvectors 44 cilgaial g Eigenvalues 4l adll Jav 7 &

Eigenvalues 45131 4l sy ¢y 5ild

|JA—x1I|=0
ol
INT —A| =0

Eigenvectors 4iall cilgadiall dagy ¢4l

|[A=xI|x=0

¢ Find Eigenvalues and Eigenvectors of a 2x2 Matrix
_[5 -3
A = [—6 2 ]

N iy -1 :Eigenvalue 4514 4adll dagy Jall il ghd

Identity d&laiall a3 ] ) -0
=[N

) 1-6 3
—23] _ [>\ 6—5

5 aal) Adalaal) (e g Badaal) ) 48 giuaal) Jgad
s dadaall Ja @mﬂ

Characteristic Equation

a b|_ _ TN — -5
2 l=@ra)-xo \ | 2K

i oL ga

I
= ( Wi)l(% —2) = (6)(3)

=x2— —5X +10 — 18




e e Gl el Ja 45y Hha
TU 7 Lage sanay -8 5b Legy pun

-8 5 +1 Laa cpaaall o 3 jraall Aaladll

Characteristic Equation

(N+D(X—-8)=0
N+1)=0 = x=-1
(A —8)=0 = x=+8

The eigenvalues are x= —1or x=8

Eigenvectors 454l cilgaial) slay o4l

INT —Alx=0

- 4dadil) oag A leatial) alany s= —1 dadll 3L

1 -1 Gl Jy (gl

S LSY) pdi pa (S o bl N 3x, 8

0 lacle a5 (sb Xq < priall aal & i gas

(=6)(1) = =3x;




An eigenvector (;)

 adaiill 3] A Clgaiall Alayy X= 8 4l dadll 2L

INT—Alx =0

T By s

(z 2) (;c;) - (0
R, - R, — 2R,

(6 06 =()

o‘)uy/‘)-'-djé-‘ ‘f:LIJ/ u‘)ﬂ/‘fﬂ 3X7d§"

An eigenvector (_11)




Orthogonal Matrix 7z s

1

2
Show that matrix A = \/1_ is orthogonal.

V2
i

: salaie A ghadl) o cildY o Sl gaa

( transpose matrix ) 48 shaal) Jiag and — Y g

( transpose matrix) 4@siaall Jias A 4dghuadll Gl — Ll

(5)*(-%)

N
&l
X
ol
= N—

~/
/N
&l

X
sl
N—— +

/N
~—~
Il
X
- Sl=
~

—~
il
X

Nl
~—

+

I |
IR N = —
|
NI=N|=

N

AAT =1 s Orthogonal

r o AT Lghad) Jag o Qs 0@ 471 = AT o Wy




Quadratic Forms : ({2 il ) 4Gl da il (e zila

Express the quadratic formsin matrix, then the associated symmetric

3x2 + 2x2 — 4x2 — 2xgXp + 6XgXg

AEREN luhwb
2

ﬁg‘)j‘ Ga i) & L 3 gl ) &‘95)“3\ Sl 2 el 5 J oY) Caall iy
Caghall il Gl gl 2asall

Y asandl s SV Cauall iny G 3 gaall g J ¥ caall ay

VI3 gard) g Ul Caall 3
S 3 gaally A Caall iny ¥l 3 genll 5 Caall i

G 3 padl 5 SN Carall

Conjugate transpose

If A is a complex matrix, then the conjugate transpose of 4, denoted
by A*, is defined by

Ar=AT
Find the conjugate transpose A" of the matrix

A:[lgi 3:i2i ?]

A*=AT Q)ﬂ.ﬂ\%u&

LS e A8 luaall (& paiall )l )
A i

“Tz[lz_i 3Jf2i Bi]

A 3 panll 5 L Cicall G S5 Y) 3 panll 5 Y] Ciall Joni i AT Aiall 4 hadll Jias s -2

=i 2
AT=| i 3+2i
0 —i







Unitary 48siadl 7 &

Definition of a A complex matrix 4 is unitary if

Unitary Matrix A~ = 4%

Show that the matrix A = ; is unitary.

is unitary




Chapter-8

Linear Transformations

* A linear transformation is a function T that maps a vector space
V into another vector space W:

T:V—E=W, V,W:vector space

V: the domain of T V: Domain Jlaall

W: the co-domain of T @
Cb ) a3 13) s g g Ll U e
Two axioms of linear transformations Range
(1) Tu+v)=T()+T(v), VuveV b
(2) T(cu)=cT(u), VceR
I"V-oWw W: Codomain

Jiaall Jladll

* Image of v under T * Notes:

Tbvisia Vandwisin v sichithat (1) A linear transformation is said to be operation preserving.

T(v)=w T(u+v)=T(u)+7(v) T'(cu)=cT(u)
I I st

Addition | | Addition Scalar Scalar
inV nW multiplication | | multiplication

* the range of T in } in
The set of all images of vectors in V.

range(T)={T(v)|Vve V} (2) A linear transformation T : ¥ = Fom a vector space into

Then w is called the image of v under 7.

* the pre-image of w: itself is called a linear operator.

The set of all v in V such that 7(v)=w.




Q1.T: R? 5> R?v = (vy,v,) €ER?, T(vy,vy) = (V) — vy, v + 20,)

a. Find the imageof v =(—1,2)?
b. Find the pre-image of w = (—1,11)?

Solution:
a. v=(-12)
T(v) = T(-1,2) = (-1 — 2, -1 + 2(2))
= (-3,3)

b. Tv) =w = (-1,11)
We know T (vq,v3) = (v; — vy, 11 + 2v,) = (—1,11)

el glilae ) Al Ja
il ) (o

Multiple -1 and Add

Y Al & o gl

So (3,4) per-image of (-1,11)

Q1. Verify a linear Transformation T fromR?into R?
T(vy,v2) = (V1 — V3, V1 + 203)

Solution:

Letu = (uy,uy) , v = (vy,v,) and c is any real number

1. Letu+v= (u;,u,) + (v1,v3)
= (uy + vy ,uy +vy)




T(u+v)= T +vq,uy; +v,)
= ((uy +v1) — (uz +vy) , (u +v1) +2(u; +vy))
= ((uy — up) + (v —v3), (uy + 2uy) + (v1 + 2v,))
= ((uy — ug,uy + 2uy) + (v; — vy, v; + 2v,))
=T)+T)

.cu = c(uq,uy) = (cuq, cuy)
T(cu) = T(cuq,cuy) = (cuy — cuy, cuy + 2cuy)
= c(uy —uy, Uy + 2u,)
= cT (u)
.. Tis a linear transformation.

4 )

e Zero transformation :

T:V->W T(v) =0, VveV

e |dentity transformation:

T:V->V T(v)=v, VveV
\ _J

Ql. Let T:R® - R3 bea linear transformation such that
T(1,0,0) =(2,—-1,4)
T(0,1,0) = (1,5,-2)
T(0,0,1) = (0,3,1)

Find T(2,3,—2)?
Solution:

(2,3,—-2) = 2(1,0,0) + 3(0,1,0) — 2(0,0,1)
T(2,3,—2) = 2T(1,0,0) + 3T(0,1,0) — 2T(0,0,1)
=2(2,-1,4) + 3(1,5,—2) — 2(0,3,—2)

= (7,7,0)




Q2. The functionT: R3 — R3 is defined by

[

3
2
-1 -2

0
T(u) =Av = 1
Find T(u) where v = (2,—1)?
Solution:

v=(2-1)

30
T(w) = Av= | 2 1][
1

. T(2,—-1) = (6,3,0)




Y ol Al Al gad Alalaal) o bl 48 )k

Check whethe the map T: R? — R? given by T'(x,y) = (x + ¥, x) is linear or not.

Dol Al s o AY el Jysai 3 bl oS

1 Tx+y)=Tkx)+T()
2. CT(x)= TC(x)

Solution:

Takeanyx = (x;,v,) ,y=(x,,7,) € R> and(C € R?

T(x+y)=T((x1, 1) + (x2,52))

=T + 22,51 +V2)

X Yy .
s Lhaad J)gud) 8 ) ALl 3 oy gaiilly

= +x2+y1+y2, X1 +x3)
Lt ALl 3 p2)) e
=g tyi+x+y2, x+x)
=0+ ynx)+ (ot v, %)
=TC1+y,%) +TC+y,, x2)

=Tx) +T)

CT(x) =TC(x)
=TC(x1, 1)
=T(Cxy,Cyy)
: Lpdaa Jl ) A ) Allall (3 (i gailly
= (Cx; + Cyy,Cxq)
& i dole ¢ a2l
=C(x1 +y1,%1)
= CT(x1 +y1,2%1)
= CT(x)

A linear transformation




LU-decomposition el Jlaill ~ 54

1 3
2 5

A=LU saclall gula

Find an LU-decomposition of matrix A = [

fapall o L sy ) g
[(1) (1)]:@1“\” U oY) & shad) — b sbian ) A 2 siiad) Jsas

A0l 48 gaiaal)

il 3 ) RSN s | | = [X 0
‘~\\\ 1.@.:.;4.13;\}&”_\.\15 ] d‘j‘}“ X X
“AHGE) 1 sl 5 i

~

~

~

[10

15 X Jy g

Cuall b o) TAY b X X

0 lgmusi & Al | il 8 i ol ; Al e
2-2%(1)=0
5-2%(3) =5-6=-1

2 ghoadl) 3 dami gl ; dplual) el
(-1)(0)=0
(-1)(-1)=1

A Gghadl sy ][] 0 shead G Jeala




5 -1

Find an LU-decomposition of matrix A = [_1 _1l

Solution:

—1

Find the singular values of A = [

Solution:

A" = [—21 _21]

ATA = [—21 _21] [—21 _21] - [—54 _54]
The characteristic equation is :

Al — ATA| =0

1=5@0=-5-(HEH=0




A2—101+9=0

A—1)A—-9)=0

/11=1, /12=9
01=\/Z=ﬁ=1
0‘1:\/1_1:\/623

Are not the Signaler values.




e Find a LU Decomposition :

6 -2 0
A=19 -1 1

R, » R, —9R,

R» = R. — 3R,

m[\JOHNIHO







Linear programming problem # &

Solve the linear programming problem by graphical method ?

max Z = 50x + 18y

Subjectto 2x +y <100
x+y <80

x=20,y=0

From@

2x 4y =100

2x + (0) = 100




(0,100)

X A'(o,ao)

B (20,60)

C (50,0)

(80,0)

20 30 40 S0 60

70 80 90 100 110

So the feasible region is 0(0,0) ,A(0,80), B(20,60) , C(50,0)

verses

Z =50x + 18y

0(0,0)

50(0) + 18(0) = 0

A(0,80)

50(0) + 18(80) = 1440

B(20,60)

50(20) + 18(60) = 2080

C(50,0)

50(50) + 18(0) = 2500

Since our subject isto max Z So the optimize Solution is C(50,0)

The optimize value is 2500




LINEAR PROGRAMMINGJ Jamuw 7

Q7. Solve the following LPP by graphical method:
maxz = 13x; + 11x, subject to:
4x, +5x, <1500

5x; +3x, <1575
x; + 2x, < 420
Xy ,%, =0
Solution:
4x, + 5x, = 1500
4(0) + 5x, = 1500
5x, = 1500

x, = 22 = 300
5

4x, + 5(0) = 1500

4x, = 1500

x1=$=375

5x; + 3x, = 1575
5(0) + 3x, = 1575

5x, = 1575

x, = 22 =525
3

5x; +3x, = 1575
5x, +3(0) = 1575
x; === =315
Xy +2x, =420
(0) + 2x, = 420

x, =22 =210
2

X, + 2x, = 420

x; +2(0) =420

x, = 420
X, + 2x, = 420 multiple 5
5x; + 3x, = 1575 multiple -1

5x; + 10x, = 2100
—5x;, —3x, = —1575
7x, = 525

525

=—=

x; +2(75) =420

x; +150 =420

x; =420 —-150

x; =270

X, 75




Draw the table:

verses

z=13x; + 11x,

A=(0,210)

13(0)+11(210)=2310

0=(0,0)

13(0)+11(0)= 0

C=(315,0)

13(315)+11(0)=4095

B=(270,75)

13(270)+11(75)=4335

Maximum value of 4335 point B (270,75)
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A g

2. Select one of the alternatives from the following questions as vour answer.

A o , ; 3 1 .
(a) The characteristic equation of the matrix |4 = [ > 4 ] is

AR e B0
B. *+7A—10=0
2 TA 410 =0 | sV da A gheadl o5 e Diled) pale Jlpud) ine

D). X TA+ 10 =0 : A= ani eigenvalue 58 (e

Al —Al=0

- =DED=0

A2 —4)=31+12-2=0"|

A2—=714+10=0

3548 e b pa A ddshiadl of Jaad
ol

(b) The eigenvalues of the matrix A%, where A =

s oiall Sl iEigenvalue i) sl slasy
e Ol sl sl jhdll 3l il s sl

(e¢) Which of the following sets ()f[\'«,‘('t()rs are (:»rlh(:»gonal]\\'ith respect to the Euclidean
inner product on R?:

® 12). (21 i (5 g i) 4nial e
B. (3,4).(2,6) u-v=0

C. (6.9),(5.2) u-v=(1(=2)+ )1

D. (0.4), (0.6) =-24+2=0




(d) lf[emg']o between vectors u and l']i.\? zero such that ||uf| = 4, ||v]| = 6, then < u,v >=
A. 10
24

C. V24

D. V10

D Cneade O Al A o sl
<u,v>=|[ull-|vl|
<uv>=4-6=24

(e) If 323+ 223 — 423 — 22,29 + 62,253 — 42573 be the quadratic form, then the associated
symmetric matrix will be

A.

- dac\dl
a; = (coefficient x?)

1
aj = (E coefficient x; 'xj) ifi#j

;_095.\43 \u.u_a i
Bm‘j\k_f’\ﬂ ]

3/i +2 246
(f) For which value of a and b, the matrix a —lA/'lz' =1

2—6: b 1

Ala=i-2, b=-21—1
B.a=-i+2 b=2i+1 ooiall Jaloa 3L )l s jlaliial)
c g L e b el 1)) Laad

a=—-1+2, b=-2i—1 - . ]
SOWAY) (& s Y C.:\a..al\ 2aal) Ll

D.a=i-2, b=2i+1




Q3.Find all the eigenvalues and the corresponding eigenvectors of the matrixA = [g _02]
Al -A|=0

1-5@A)-2)(-3)=0
A22-51+6=0
A-2)A-3)=0

The eigenvalues are A4 =2 or 2, =3

Eigen Vectors:

Put A; =2 2055 Laic aaidldadng

|IAI—Alx=0

(3 DE)=0m—ran,

— x
(o 0)Gs)=0
—3x1+2x,=0
—3x1 = —2x;

Let isassume x; = 1
-3(1)=—-2x,

-3 = —2x2

3
x2=z

An eigenvectors (1, g)

3 0S5 Ladie datiall daid o g

Put 11=3/

|AI—Alx =0
R; — 3R
2 =0 =

RZ — ZRZ




(& §)G)=0

—6x1+6x,=0
—6x1 = —6x;
Let isassume x; = 1
—6(1) = —6x,
—6 = —6x,
x;=1
An eigenvectors (1,1)

1+3i 2

ind A &
A i]Fmd Z,Re(A), Im(A), Tr(A) and det(A) 4

Q4. For the matrix 4 =
~ -3 2
4= 3—i 4+i]

o2
Re(d) = |, 4]

Im(A) =

N

Tr(A) = (1 + 3i) + (4 — i)

= 5+ 2i

det(A) =(1+3i)4—-i)—(2)3+1i)
=4—-i+12i—3i*-6—2i
=4-i+12i—-3(-1)—-6—2i
=4-i+12i+3—-6—2i

=1+9i




9 4
2 6
vector space M, with usual inner product on M5, .

Q5. Find the value of k, for which the matrices U = [ ] andV = [i _42] are orthogonal in the

U-V) =92+ B2+ (2)(k) + (6)(4)
=18-8+ 2k + 24
34+2k=0
2k=-34
k=-17
Q6. Find the Ieast;quar;s solution oﬁhe system of linear equation Ax = B , where

A=|(2 1| ,B=|2
2 0 1

1 2 2].—

A=, 1§

o 3l [ol=l
1
9%, =3 = x4 = =3

5x2=8 = Xp =




<.
S
(0]
=
c
3
“

1

V3
1
V3

~|2 E|e

Q7. Show that the matrix A




] =1 Is orthogonal

T
<
©
c
=
©
=
(1]
©
c
o
a0
o
L
=)
.
o
2

—
M|~
|

NINMINOI
S —
——
elinNis O INAN S

e

oM~
_

3_76“72_7

NINMINON 2_7B_|7P0_7
Il Il

<
~

<

Q8. Show that matrix A




P &I gl ol
A Jisud

2. Select one of the alternatives from the following questions as your answer.

(a) If T : R? — R? be a linear operator given by T'(z,y) = (2 — y, —4x + 2y), then
which of the following vector is in ker(T)?

Ay (1) ker(T)=0 x>

B. (2,1) i gt (yiilaladl)

G 11:1/2) aali g (o gai g pililaal) aaf 3
@ (1/2,1) Al b ) dall)

(b) If T : W — V be a linear transformation, then ker(7T') and range(T') are subspaces
of vector space(s)
A V.
B. W.
@ W and V respectively.
D. V and W respectively.

\Y

Range(T)

Jlaall Jladll

(¢) Which of the following sets of eigenvalues have a dominant eigenvalue:
A. {8,-7,—6,8}

i 0 B

{ O Bodot] O oy gAYl L & & de ganall 8 dillae daid 5S) 230
6. {—8;—2;—1,;:0,1,2,3] A adl) 35, Sia e Adllad) Aadl

D. None of the above

0 Se e s | =5 o dilhe dad <l B LY




(d) H.B = be a matrix where B = AT A, then the singular values of A

0 0
are

A. {4,9, 0}
B. {0, 9, 16}
@ {4.9,16}
D. {2,3,4}

(e) In linear programming, objective function and objective constraints are
A. solved.
B. quadratic.
C. adjacent.

@ linear.

(f) The feasible region
A. is defined by the objective function.
is an area bounded by the collective constraints and represents all per-
missible combinations of the decision variables.

C. represents all values of each constraint.
D. may range over all positive or negative values of only one decision variable.

e L el Sle sanall JS Jiad g soaaall Bl (g 8 ) sanall Zadaiall o

Ll yaadia




Q3. Consider the basis S = {v,,v,} for R?, where v; = {1,1} and v, = {1,0} and let
T: R* — R? be the linear operator for which T(v;) = (1,2) and T(v,) = (3,0) .

Find a formula for T'(x,, x,) and use it to find T(2,—4).
Solution :
e Find aformula for T (x4, x,)?

(x1,%2) = c1v1 + €V,

=c,(1,1) + ¢,(1,0)

= (¢1,¢1) + (¢, 0)

CLtcy=X1 = X+C=Xx = C3=X1—X
L =X,

(%1, x2) = x%,(1L,1) + 21 — x,(1,0)

T(xy,%x,) = x,T(1,1) + (x; — x,)T(1,0)

= (x2)(1,2) + (x; — x,)(3,0)

= (xz + 3x1 T 3x2 ) 2x2 + 0)

T(xy,x;) = 3% — 2x2,2x2)7 Al ey Alaal) 3 o sally
o find T(2,—4)?

T2, -4)=((3)2)-@2)(D , 2(-4)
=(12, -8)




Q4. Check whether the map T: R> — R? given by T'(x,y) = (xy, x) is linear or not.

Solution:

1. Tx+y)=Tkx) +T(y)
2. CT(x) =TC(x)

1. Takeany ((xy,y;) ,(x,,y,) ER?*and C €R
T(x+y)=T(x,y1) + (x2,52))
=T((x1 + x3), 1 + ¥2))

= (g + x2) (1 + ¥2), %1 + x3)

= (%11 + X1y + %Y1 HX355 , %1 + X3)

Is not linear transformation.

Q5. Find an LU-decomposition of matrix A = [

>

Solution:

[ 5




Q6. Find the singular values of 4 = [_21 _21] .

Solution:

A" = [—21 _21]

aa=2 N5 F1=0E ]

The characteristic equation is :

Al —ATA| =0

A—=5 -4
—4 A-5

1=5@0=5-HEH =0

=0

A2—101+9=0
1-1)1-9)=0
AMA=1 A,=9
01=\/A_1=\/I=1
01=\//1_1=\/§=3

Are not the Signaler values.

Q7. Solve the following LPP by graphical method:
maxz = 13x; + 11x, subject to:
4x, + 5x, < 1500
5x; +3x, < 1575
X + 2x, < 420
X1,X, =0
Solution:
4x, + 5x, = 1500
4(0) + 5x, = 1500
5x, = 1500

1500

XZ—TZBOO

4x, + 5(0) = 1500

4x, = 1500




x1=ﬂ=375
4

5x1 + 3x2 = 1575
5(0) + 3x, = 1575

x, = 22 =525
3

5x; + 3x, = 1575
5x, +3(0) = 1575
x =27 =315
X1 + 2X2 = 420
(0) + 2X2 =420

_ 420

X, = — =210

X, + 2x, = 420
x; +2(0) =420 o
* =420 (0525)

X, + 2x, = 420 multiple 5
5x; + 3x, = 1575 multiple -1

5x; + 10x, = 2100

5 2 1o
JA] OXy = —1J7D

7x2 = 525
525
Xy = — =
x, + 2(75) = 420
x; + 150 = 420

x; = 420 — 150

420
x, =270 D), ey ey
30 %00 450 500 550

75

Draw the table:

verses 7 = 13X1 + 11x2
A=(O,210) 13(0)+11(210)=2310

0=(0,0) 13(0)+11(0)=0

C=(315,0) | 13(315)+11(0)=4095

B=(270,75) | 13(270)+11(75)=4335

Maximum value of 4335 point B (270,75)




